The modelling on SWR is a foundation work for researchers to carry out further study, thus is very important. The early modelling on SWR are mostly done by the Euler-Lagrange equations, and the Euler angles are used to calculate the attitude of SWR. The method of Euler-Lagrange equations has to calculate a lot of quadratic terms and partial differential terms, while the Euler angles are known to be prone to singularities. This paper proposed a novel modelling on SWR by using nature orthogonal complement, which is simpler and more efficient in computation than Euler-Lagrange equations. Further, the quaternions was employed to calculate the attitude of SWR, thus free of singularity problem. Moreover, the radius of the toroidal wheel has been taken into account on the model firstly, so the mathematical model is more close to the real physical situation. The dynamic modelling results have been verified by numerous experiments.
This paper is a revised and expanded version of a paper entitled 'Single-wheel robot modelling using natural orthogonal complement' presented at The 26th Chinese Process Control Conference, Nangchang, China, 31 July-3 August, 2015.
Introduction
Compared to two wheel robot, the single wheel robot (SWR) (also called unicycle robot) is more difficult to control, but with the advantages of compact structure and excellent manoeuvrability, especially the ability to go through narrow spaces, the single-wheel robot has aroused the attention of researchers for the past two decades Jung, 2013a, 2013b; Kadam and Seth, 2013; Nagarajan et al., 2012; Ruan andWang, 2012; Buratowski et al., 2012; Conner et al., 2011; Jin et al., 2011a Jin et al., , 2011b Al-Mamun and Zhu, 2010; Zhu et al., 2006 Zhu et al., , 2009a Zhu et al., , 2009b Nagarajan et al., 2009; Marzban and Alizadeh, 2009; Alasty, 2008a, 2008b; Al-Mamun et al., 2007; Lauwers et al., 2006; Rashid and Al-Shabibi, 2006; Martynenko and Formal'skii, 2005; Alasty and Pendar, 2005; Saleh et al., 2004; Ostrovskaya and Angeles, 2004; Ou and Xu, 2002; Au et al., 2001; Ferreira et al., 2000; Xu, 1997, 1996) . SWR presents a novel example in the study of multi-body dynamics and control in theory, and practically it plays an important role in inspection tasks for space exploration. For our daily life, the SWR can be used under special circumstance, where human beings are not proper to perform task with danger or space limit. Moreover, SWR can be used as an entertainment robot, bringing the children a lot of fun and knowledge as well. On the other hand unicycle robot has only one wheel in contact with the ground, its design and control is also a great challenge.
When comes to the study of SWR, dynamics analysis thus mathematical model is needed first. The Euler-Lagrange equations and Kane's equations are the most common method. The Euler-Lagrange equations have several advantages, such as the use of generalised coordinates instead of Cartesian coordinates, excluding nonworking forces and the derivation based on a scalar quantity-energy,so most researchers employed EulerLagrange equations. Schoonwinkel from Stanford University designed unicycle in 1987 (Schoonwinkel, 1988) , a turntable was mounted on top of the unicycle chassis, which could be rotated with respect to the vertical axis, and the Euler-Lagrange equation is applied to derive the mathematical model. MIT performed a similar research in 1990 (Vos and von Flotow, 1990) , but the formulation of dynamics was Kane's equation. Subsequently, different kinds of unicycle robots were built. Gyrover was built by the Xu group (Xu and Au, 2004; Au et al., 2001; Xu and Sun, 2000; Brown and Xu, 1997) , a spinning flywheel mounted inside the wheels was its unique feature and it explored a gyroscopic effect to keep its lateral balance, the dynamic modelling was completed with also Euler-Lagrange equation. The same method was also used by the Tsubouchi group (Okumura et al., 2010) , who built a unicycle robot that has a wide-type wheel with the shape of a rugby ball. Lee et al. designed a I-type pendulum SWR (Jin et al., 2011a,b) , and the dynamic modelling is accomplished with the Euler-Lagrange equations.
In this paper an new modelling method called the natural orthogonal complement (NOC) is employed to derive the dynamic model of SWR. Natural orthogonal complement was proposed by Angeles and Lee (1988) . It is an efficient way to solve multi-body systems (Angeles and Ma, 1988; Saha, 1997 Saha, , 1999 . With this method a set of dynamical equations free of constraint forces can be readily derived. The NOC dynamic modelling was found to have certain advantageous: This method defines NOC for Cartesian velocity-constraint matrix. The velocity constraint matrix may also be defined in joint space in which case the form of NOC will be different. The NOC generally leads to elimination of non-working constraint wrenches. Furthermore, using the NOC, the number of driven dynamic equations becomes minimum and separated. The NOC uses the Newton-Euler dynamic equations and incorporates the kinematics constraint equations. This eliminates the need to directly solve the kinematics.
Moreover, all the researches carried out on the SWR regarded the driving wheel as a disk for approximation, few studies was performed taking account of the actual geometry of the toroidal wheel, in this paper we present the dynamics analysis of single wheel robot (SWR) with toroidal driving wheel.
The rest of the paper is organised as follows: in Section 2, the configuration of our SWR is given shortly; the NOC modelling method is recalled briefly in Section 3; Section 4 focus on the kinematics of SWR; dynamic modelling is accomplished in Section 5; Section 6 gives out the control diagram for the experiment the results in Section 7; Section 8 conducts a discussion on the computation efficiency of NOC over Euler-Lagrange equations and the singularity of Euler angles; and Section 9 concludes the paper.
Configuration of SWR
A SWR with toroidal wheel is shown in Figure 1 . The SWR is mainly composed of four parts: a frame, a hub motor, a torque generation module and a toroidal tyre. The whole system is designed symmetrically, with the toroidal tyre fixed to the frame, the SWR is driven by the hub motor, the torque generation module provides the torque to change the attitude of the SWR. For the detail of the generation module, please refer to Zhu et al. (2014) . The SWR has three planes of symmetry, the one that cuts the wheel into a circle of radius R + r being termed the wheel plane. The SWR is assumed to move without slipping on a flat, horizontal surface, with one point A in contact with the surface, as the wheel is assumed rigid, the contact circle passing through A with its centroid labelled K.
Modelling with the natural orthogonal complement
For general multi-body systems, the detailed method of modelling with the NOC is provided by Angeles (2014) . An outline of the NOC is summarised and included below for quick reference.
Step 1: The twist of the ith rigid body of the system under study, undergoing an arbitrary motion in the three-dimensional space, t i , is defined in terms of its angular velocity, ω i , and the velocity of the corresponding mass centre,ċ i , both being, in general, three-dimensional vectors. Hence, t i is in the following six-dimensional vector:
Moreover, If I i denotes the 3 × 3 inertia tensor of the ith rigid body about its mass centre, and this, as well as all vector quantities involved, are referred to a coordinate system fixed to the body, then, the Newton-Euler equations governing the motion of the ith body are written as follows:
where the six-dimensional wrench vector, w i , acting on the ith body is defined, in accordance with the definition of the t i , as
n i and f i being three-dimensional vectors, the former denoting the resultant moment, the latter denoting the resultant force acting at the mass centre of the ith body. 
where m i denoting the mass of the ith body, whereas O and 1 denote the zero and the identity 3 × 3 tensors, respectively.
Step 2: Assuming the mechanical system under study is composed of p rigid bodies, then the Newton-Euler equations for all individual bodies can be written as
where w W i and w N i are the working wrench and the nonworking constraint wrench, both acting on the ith body, respectively. Next, the 6p × 6p matrices of generalised mass, M, and of generalised angular velocity, W, as well as the 6p-dimensional vectors of generalised twist, t, of generalise working wrench, w W , and generalised nonworking constraint wrench, w N are defined as
. . .
Hence, the p dynamical equation (5) can now be expressed in compact form as follows:
which is a equation formally identical to equations (2), and constitutes a set of 6p unconstraint scalar equations.
Step 3: The kinematic constraints produced by holonomic and nonholonomic couplings are derived in different form. Every holonomic constraint gives rise to six scalar equations, as well, every nonholonomic constraint in the absence of slippage gives rise to three scalar equations. Moreover, due to the presence of the holonomic constraints, the overall constraints equations are not independent, and can be represented as a system of linear homogeneous equations on the twist. Or The constraint equation is derived as a linear homogeneous relation on the twist:
Step 4: If it is assumed that the degree of freedom of the system is n, an n-dimensional vectorθ a of independent generalised speeds is defined. Then, the vector of generalised twist can be represented as the following linear transformation ofθ a :
with T defined as a 6p × n matrix that can be fairly termed the twist-shaping matrix. Now upon substitution of equation (11) into equation (10), to yield
where O denotes the 6p × n zero matrix. Equation (11) states that T is an orthogonal complement of K.
Step 5: By virtue of the definition of K and the vector of nonworking constraint wrench, the latter turns out to lie in the range of the transpose of K and hence, the nonworking wrench lines in the nullspace of the transpose of T. Therefore, upon multiplication of both sides of the 6p-dimensional Newton-Euler uncoupled equations of the system, equation (9), by the transpose of T, the vector of nonworking constraint wrench is eliminated, which reduces to:
Step 6: In the final step of this method, both sides of equation (11) are differentiated with respect to time, which yieldṡ
Further, w W is decomposed as follows:
where w A represents the generalised wrench due to torques and forces applied by the actuators, if any, where w G and w D account for gravity and dissipative effect, respectively.
Then, upon substitution of equations (14) and (15) into equation (13), the following system of n-independent constrained dynamical equations are finally derived:
Then I(θ a ) is the positive definite n × n generalised inertia matrix of the manipulator and is defined as
Now, let τ , γ and δ denote the n-dimensional vectors of active, gravity and dissipative generalised force. Moreover, let C(θ a ,θ a ) be the n-dimensional vector of quadratic terms of inertia force, which produces the coriolis and centrifugal terms. These above mentioned term are defined as
By now, the compact equation (19) represents the general multi-body system's EulerLagrange dynamical equations, free of nonworking generalised constraint forces.
4 Kinematics
Terminology
To figure out the attitude and the motion of the SWR, we introduce three angles: turning angle (or steering angle) ψ, the tilting angle θ, and the rolling angle ϕ. Why we do not define the above three angle as yaw angle, roll angel and pitch angle respectively, which are similar to the definition on the aircraft as shown in Figure 2 . The reason is that the aircraft has only one symmetry plane while the SWR has three symmetry planes. With only one symmetry plane, we can easily figure out the attitude and motion of the aircraft by knowing the yaw angel, the roll angel and the pitch angel. However if we define the same terminology to the SWR, we cannot tell its attitude, especially when comes to the pitch angle, that is the angle form when the SWR rotates about the main symmetry axis (normal to the wheel plane). Owing the asymmetry shape of the aircraft, it is rather easily to see the pitch angel changes when the aircraft heads up or down, however, when comes to the SWR as shown in Figure 3 , one cannot tell its attitude change without marking a label on the wheel when it rotates about its main symmetry axis, that is to say the SWR is one of the isochoric groups. Secondly, the terminologies turning angle, tilting angle and rolling angel are more familiar and easier to understand to common people. Assuming the SWR is in pure rolling condition, that is to say rolling without slip, so the SWR has three degrees of freedom. 
Reference frames
To describe the wheel in a generic configuration, we introduce some reference frames. The inertial reference frame is defined as the Z F axis is vertical while the X F axis and the Y F axis are horizontal. Since the inertial reference frame is fixed, it is labelled F. Then we define a moving frame on the wheel, and this frame is labelled M. M moves with X M passing through the centre of mass (C) and the centroid of contact circle (K), X M and Y M remaining in the wheel plane and perpendicular each other, the Z M axis determined by the right hand rule, thus the Z M is always perpendicular to the wheel plane. Apparently the frame M is not fixed to the with wheel, owing that it does not rotate about Z M axis. A transformation matrix Q transform frame F to M , and Q containing the turning, tilting and rolling information of the toroidal wheel. The toroidal wheel at a general status is shown in Figure 4 . 
Kinematics on SWR
Shown in Figure 5 is the wheel rolling on the ground, since the toroidal wheel is a symmetric system, its mass centre, C, is assumed to be coincident with its centroid. The velocity of the centre of mass is denoted byċ. The vector from the mass centre (C) to the contact point (A) is defined as ρ. Assuming the wheel is in pure rolling condition, that is to say rolling without slip, so the toroidal wheel has only three degrees of freedom, and there exists a nonholonomic constraint on the velocity of the contact point. Moreover, vectorċ is related to the wheel's angular velocity, ω, and can be calculated as follows:
then we obtained the velocity of the mass of centre:
where R is cross product matrix of ρ, which can be obtained by analyse the toroidal wheel with a tilting angle θ on the tilting plane as shown in Figure 6 . Apparently, ||ρ|| = √ R 2 + r 2 − 2Rr cos(π − θ). The tilting angle θ is the angle between the plane of wheel and the vertical line, and also is the angle between X M and−Z F , so θ can be calculated from rotation transformation matrix Q.
Dynamics on SWR using the NOC
If we choose the angular velocity ω of the wheel as the vector of independent generalised speeds, the twist t is given by t = Tω.
According to equation (21), the 6 × 3 twist-shaping matrix T defined as:
Next, the constraint equation is derived as a linear homogenous relation on the twist:
with matrix K derived below. First, equation (22) is substituted into equation (22), to yield
from which K can be readily obtained:
The defined generalised mass M is within the NOC:
where I c denotes the 3 × 3 inertia tensor of the wheel about its centre of mass, and this tensor is defined in a coordinate system fixed to the wheel body. Now, the generalised inertia matrix I is obtained a
Moreover, according the Theorem of Parallel Axes (a.k.a. Steiner's Theorem), the generalised inertia matrix is nothing but the moment-of-inertia tensor of the wheel about the contact point. The convective inertia matrix C that produces the coriolis and centrifugal terms is given by
The generalised active torque τ is
The generalised dissipative torque δ is zero, since the wheel is under condition of pure rolling. The generalised gravity torque γ is
The generalised gravity torque γ is given in form by
Finally the mathematical model being obtained as
Moreover, the four-dimensional vector of quaternions η is defined as
its time-derivative being a linear transformation of the angular velocity, which provided the first of the state equations, namely,
which H defined as
where e and ϕ are the natural invariants of the rotation matrix Q, their unit vector parallel to the axis of rotation and the angle of the rotation, respectively. Moreover, E is the cross product matrix of e. From equation (33), we obtain the second state equation, namely,
Now the state variable vector x is defined as
With equations (35) and (37) we have the state variable equation
which bears the standard forṁ
Initial condition
Assuming that frame M at time 0 is such that Y M parallel to Y F , and the Z M parallel to X F , so that the X M axis at t = 0 is parallel to Z F , as illustrated in Figure 7 , we obtain
Then the initial conditions in term of the Quaternions, ϕ(0) and e(0) are readily derived:
Hence,
Figure 7 Initial condition
As shown in Figure 8 , a PID controller receives the desired input and the system feedback information, based on the mathematical model of the plant the PID controller gives out the control output to the plant to change the attitude of the SWR, the sensors such as gyro and accelerometer detect the physical attitude and feeds back to the controller. 
Experiment results
The detail parameters of the SWR used in the experiment is given in Table 1 . The toroidal wheel goes straightly at a constant velocity when the tilting angle (θ) is zero, and when the toroidal wheel tilts, it runs along a circle at a constant velocity, however when the tilting angle (θ) is greater than 45 • , it soon fails down.
The influence of angular velocity
When the tilting angle (θ = 10 • ), the trajectory of the contact point is shown to indicate the angular velocity's influence. As shown in Figure 9 , the trajectory of the contact point are all in circle, implying the wheel is rolling in a circle, but the greater of the angular velocity, the bigger of the rolling radius 
The influence of tilt angle
The trajectory of the contact point is different from the traditional result, since we take the radius of the toroidal wheel's radius into consideration. The partial enlarged detail from Figure 10 indicating that when the tilting angle is greater, the rolling radius becomes smaller, since when the wheel tilts more the contact point moves from the bottom to the inner side.
Toroidal fall down process
When apply a disturbance torque to the system to simulate a rolling wheel met a strong wind. To show its fall down process, the height of the centre of mass (COM) is depicted in Figure 11 . Firstly, we set the toroidal wheel rolling straightly, then at 2.4 s the disturbance torque was applied to the tilting axis with amplitude equalling 0.5 * mg, the toroidal wheel became unstable, owing to gyroscopic effect, it did not fall down immediately, it struggled to be stable, so we can see from Figure 11 , the height of COM was in a oscillation process. When the toroidal wheel fall down to the ground it still struggled to get up, but it cannot overcome the gravity, so it lay on the ground in the end.
Rectangle tracking
We set a rectangle path for the SWR to track, the rectangle is design as a special square with its length of the side equals 10 m. This experiment is design to verify the line following function of our SWR. However, considering the SWR cannot change it direction suddenly, the SWR was design to tracking an arc near the corner of the square, so the path is smooth and easy for the SWR to track. The torque generation module will provide the needed torque to let the SWR lean so to following an arc. The simulation results is shown in Figure 12 . 
Ellipse tracking
To test the turning function, curve following experiment is needed, so an ellipse path is design for the SWR to track, the length of the major axis is 10 m, while the minor one equals 3m. The tracking result is shown in Figure 13 .
Discussion

Efficiency comparison
Firstly we compare the computation efficiency of the NOC methods over the Euler-Lagrange equation. The simulation experiments were all running by Matlab 2013a on platform of performance improvement of the NOC over the Euler-Lagrange equations is 25%. 
Singularity analysis
Secondly, we verified that quaternions is free of singularity problem, while the Euler angles is not.
Of the many versions of Euler angles found in the literature, we recall here the one chosen by Synge (1960) . Under this choice, the rotation matrix takes the form 
whose determinant can be readily found to be det(U) = sin θ and hence, matrix U becomes singular when θ = 0, π. That is, under these values of θ, the time-rate of change of the Euler angles cannot be calculated from knowledge of ω. This is a major shortcoming of Euler angles in dynamics computations. Quaternions alleviate this problem, upon introducing one fourth parameter in the rotation representation, thereby ending up with a four-dimensional array η, and recalling equation 35,η can be calculated from ω. Moreoverω can also be calculated from η, please refer to equation 48 
withH also well defined (Angeles, 2014) , thus there is no problem to calculate ω fromη.
In this paper, a novel dynamic modelling on SWR using nature orthogonal complement is proposed. With this method, a set of governing equations free of constraint forces can be readily derived, the mathematical model is more compact and simpler. Different from early works, the quaternions rather than the Euler angles is used to calculate the attitude of the SWR, with frame-invariant characteristic, our modelling method is free of singularity. Moreover we first take into account of the radius of the toroidal wheel on SWR, so our model is more applicable to practical situation. The control on the SWR based on more advanced algorithm rather then PID, integrated SWR as an part into the oncoming cyber-physical system (CPS) and so on are urgent further work.
